A single-step operation is proposed to produce multiqubit maximally entangled states in the NMR model. In the scheme, all qubits are initially in the ground state, and one single pulse of a multifrequency coherent magnetic radiation is applied to manipulate simultaneously the "active states" that satisfy the resonant conditions while all other "inactive states" remain unchanged. An effective Hamiltonian is derived in a generalized rotating frame, which allows us to predict the time evolution of "active states" generated by the magnetic pulse. The magnetic pulse parameters, such as frequencies, phases, amplitudes, and duration time, are obtained analytically to implement a Bell state of two qubits and a Greenberger-Horne-Zeilinger state of three qubits. The scheme has been generalized to create an N-qubit entangled state. Two rules are found to calculate the magnetic pulse parameters numerically, which are required to realize entangled states for even and odd qubits, respectively. The rules are successfully checked in the cases of 4 ഛ N ഛ 10. The relation of ln t 0 and ln N is found to be linear, and the duration time t 0 is approximately proportional to ͱ N.
I. INTRODUCTION
Quantum computing, based on quantum superposition and entanglement, has enormous advantages over the classical Turing machine [1, 2] . Up to now, many physical systems have been suggested as possible implementations of quantum computing and quantum information processing, such as ion traps [3] , nuclear magnetic resonance (NMR) [4] , cavity QED systems [5] , Josephson junctions [6] , quantum dots [7] , and silicon-based nuclear spins [8] . Among the systems, NMR is particularly attractive because of the long decoherence time and is one of the most developed approaches. The Deutsch-Josza quantum algorithm [9] [10] [11] , Grover's quantum search algorithm [12] [13] [14] , the seven-qubit Shor quantum factoring algorithm [15] , quantum error correction [16, 17] , quantum Fourier transform [18] , the five-qubit order-finding algorithm [19] , quantum teleportation [20] , adiabatic quantum computation [21] , decoherence-free quantum computation [22, 23] , and geometric quantum computation [24, 25] , etc., have been successfully implemented in NMR experiments.
Quantum entanglement is of fundamental interest in experimental tests of quantum mechanics [26, 27] and also plays a key role in quantum computing and quantum information processing [28, 29] . It becomes significant in techniques to generate entangled states, especially multipleparticle entangled states. Implementing multiple-particle entangled states is an extremely challenging task. In recent years, the NMR technique has made some important experimental progress in this respect. Chuang et al. succeeded in creating Bell states using an effective pure state as an input in their two-spin NMR system [30] . The idea of using NMR to demonstrate Greenberger-Horne-Zeilinger (GHZ) correlations was proposed by Lloyd [31] , and an effective GHZ state was first generated by Laflamme et al., whose experiment appears to be the first time that a quantum network was used to systematically entangle more than two qubits [32] . Experimental realization of GHZ correlations was also reported by using NMR in Ref. [33] . Knill et al. generated a seven-qubit "cat state" which consists of an equal superposition of two states: one with all spins up and the other with all spins down [34] . Recently, an entanglement transfer on a four-qubit liquid-state NMR quantum information processor was implemented [35] .
Lloyd described a method to perform an arbitrary quantum circuit by a sequence of electromagnetic pulses with well-defined frequency and amplitude in a weakly coupled quantum system [1, 36] . The implementation of multiqubit entangled states mentioned above in NMR experiments involves a special sequence of magnetic pulses. For instance, in Laflamme et al.'s experiment a simple circuit to create a GHZ state consists of a rotation by / 2 around the y axis followed by two controlled-NOT gates on other qubits, and adapting this circuit to their system results in the pulse sequence shown in Fig. 2(b) of Ref. [32] . For simplicity, we consider the ground state ͉00¯0͘ as the initial state in an N-qubit system. The entangled state ͉͑00¯0͘ + ͉11¯1͒͘ / ͱ 2 ("cat state") can be generated by using a Hadamard gate followed by ͑N −1͒ ⌳ n (NOT) gates (or N −1 controlled-NOT gates [37] ). The ⌳ n (NOT) gate can be described by a unitary matrix [38] ⌳ n ͑NOT͒ = ͩ
where I 2 n+1 −2 is the ͑2 n+1 −2͒ ϫ ͑2 n+1 −2͒ identity matrix, and x is the Pauli matrix. ⌳ 1 (NOT) is the so-called controlled-NOT gate, and ⌳ 2 (NOT) the Toffoli gate. Figure 1 shows quantum circuits to create a Bell state and a GHZ state from the initial ground states ͉00͘ and ͉000͘ for two-qubit and three-qubit systems, respectively. The quantum circuits for larger N-qubit systems can be derived by analogy. Obviously, the number of required operations increases linearly with the number of qubits. Moreover, most implementation of the controlled-NOT gate in a liquid-state NMR also involves a special sequence of resonance electromagnetic pulses [30, 38] . Note that Du et al. realized ⌳ 2 (NOT) and ⌳ 3 (NOT) gates in three-and four-qubit NMR systems experimentally using a single transition pulse with well-defined frequency and amplitude [38] . In addition, Berman et al. also investigated numerically a single-electromagnetic-pulse implementation of a quantum controlled-NOT gate in NMR model [39, 40] .
In this paper, a single-step operation is proposed to produce multiqubit maximally entangled states in the NMR model with well-resolved coupling. Unlike the previous schemes using a special sequence of magnetic pulses, to our best knowledge our proposal is the first to use only one pulse in the NMR model. It is assumed that the initial state is the ground state ͉00¯0͘. The key of our proposal is to design one single pulse of a multifrequency coherent magnetic radiation with well-defined frequencies, phases, amplitudes, and duration time. The multifrequency magnetic pulse is applied to manipulate simultaneously the "active states" which satisfy the resonant conditions while all other "inactive states" remain unchanged. The idea of a multifrequency magnetic pulse was presented theoretically in quantum information processing with large-spin systems [41] [42] [43] . In Sec. II, we describe how to generate the maximally entangled Bell state ͉͑00͘ + e i ͉11͒͘ / ͱ 2 of two qubits by means of a single-step operation in the NMR model. In Sec. III, we further discuss implementation of the maximally entangled GHZ state ͉͑000͘ + e i ͉111͒͘ / ͱ 2 of three qubits. In Sec. IV, we extend this to generate the entangled cat states of N qubits. Two rules are presented to calculate numerically the magnetic pulse parameters that are required to realize entangled states of any even and odd qubits, respectively, and the rules are checked for the cases of 4 ഛ N ഛ 10. In particular, it is interesting to observe that duration time t 0 of the magnetic pulse is approximately proportional to ͱ N. Section V is devoted to the conclusions.
II. THE BELL STATE OF TWO QUBITS
To present a systematic description on a single-step operation proposal, we start with the maximally entangled Bell state. It is assumed that two qubits are initially in the ground state ͉00͘. In the following we will show how to design a single pulse of a multifrequency coherent magnetic radiation that can generate the maximally entangled Bell state ͉⌿ Bell ͘ = ͉͑00͘ + e i ͉11͒͘ / ͱ 2 in the NMR model. Consider a two-spin NMR model in which one spin interacts with the other spin through the Ising interaction. The Hamiltonian is
where 1͑2͒ is the Larmor frequency for spin 1 ͑2͒ in a very strong static magnetic field, J is the interaction constant between nuclei, and 1͑2͒ z is the ẑ component of the Pauli matrix of spin 1 ͑2͒ (the units are such that ប =1). We assume that 1 Ͼ 2 and J Ӷ 1 − 2 . For example, we choose that 1 / ͑2͒ = 500 MHz, 2 / ͑2͒ = 100 MHz, and J / ͑2͒ = 10 MHz. The complete set of eigenstates of Hamiltonian H 2 qubit ͕͉00͘ , ͉01͘ , ͉10͘ , ͉11͖͘ is defined as a complete and orthogonal set of basis states, and the corresponding eigenenergies are 1 =−͑ 1 + 2 + J /2͒ /2, 2 =−͑ 1 − 2 − J /2͒ /2, 3 =−͑− 1 + 2 − J /2͒ / 2, and 4 =−͑− 1 − 2 + J /2͒ / 2, respectively. The sketch of the energy levels of Hamiltonian H 2 qubit is shown in Fig. 2 . Now the problem becomes to find one magnetic pulse that leads to a unitary time evolution of the spins and produces the expected maximally entangled Bell state ͉⌿ Bell ͘. To achieve this aim, we add an applied rectangular transversal magnetic pulse with two frequencies ⍀ 1 and ⍀ 2 to the twoqubit system. Figure 2 shows two possible schemes, and as an illustration, we choose the right scheme. Thus, the total Hamiltonian reads 
Here, ± = x ± i y , h 1k = g 1 H k ͑t͒, and h 2k = g 2 H k ͑t͒. g 1 and g 2 are the g factors of two nuclear spins and different, and is the nuclear magneton. H k ͑t͒ ͑k =1,2͒ is a pulse: H k ͑t͒ = H k for 0 Ͻ t Ͻ t 0 , and 0 otherwise. The phases ⌽ k and duration time t 0 of the alternating magnetic field will be studied below in detail. In the current scheme, the frequency of the external magnetic field ⍀ 1 is resonant with the frequency of the transition ͉00͘ ↔ ͉10͘, and the frequency ⍀ 2 with the transition ͉10͘ ↔ ͉11͘, i.e., ⍀ 1 = 1 + J / 2 and ⍀ 2 = 2 − J / 2. Then, starting from the ground state ͉00͘, a pulse with two frequencies ⍀ 1 and ⍀ 2 leads only to a coherent evolution of three basis states ͉00͘, ͉10͘, and ͉11͘. The basis states, which satisfy the resonant conditions and can be manipulated simultaneously by a multifrequency magnetic pulse, are the socalled "active states." The remaining state ͉01͘ is the socalled "inactive state," which does not satisfy the resonant conditions and remains unchanged. In this case, the Hamiltonian (3) is truncated approximately as
͑5͒
where h 1 = h 11 
Now we are in the position to extract an effective Hamiltonian, which governs the expected unitary evolution, and leads to an analytic solution to this problem. We apply the generalized rotating frame [42, 44] to eliminate the time dependence of H ͑2͒ by means of a unitary transformation
such that an equivalent Hamiltonian H rot ͑2͒ is obtained [45] ,
͑8͒
The eigenstates and eigenvalues of H rot ͑2͒ are
͉11͘, ͑9a͒
͉11͘, ͑9c͒
and
where
The propagator of the form
determines c i ͑t͒ ͑i =1,2,3͒. Thus, with the initial condition c 1 ͑0͒ = 1 and c 2 ͑0͒ = c 3 ͑0͒ = 0, we have the time evolution of the system as follows:
The expected maximally entangled Bell state ͉⌿ Bell ͘ requires that the basis states ͉00͘ and ͉11͘ are simultaneously populated with equal amplitudes, i.e., ͉c 1 ͑t 0 ͉͒ 2 = ͉c 3 ͑t 0 ͉͒ 2 =1/2 and ͉c 2 ͑t 0 ͉͒ 2 = 0. From Eqs. (11a)-(11c), one can deduce the solution of the duration time of the pulse t = t 0 =2 / ⌬, and two solutions for h 2 / h 1 : h 2 / h 1 =1+ ͱ 2 or h 2 / h 1 =−1+ ͱ 2. For the first solution, h 2 / h 1 =1+ ͱ 2, the phase in the Bell state ⍀ 1 / ͑2͒ = 505 MHz, ⍀ 2 / ͑2͒ = 95 MHz, and h 1 / ͑2͒ = 0.1 MHz. Obviously, the generation time (duration time t 0 ) of the Bell state is shortened by stronger pulses. In short, we have presented a single-step operation to produce a maximally entangled Bell state of two qubits in the NMR model. The Bell state with an arbitrary phase can be generated by using a two-frequency pulse with well-defined frequencies, phases, amplitudes, and duration time. Note that we use J coupling on the order of 10 MHz, which is higher than a typical J-coupling value in NMR quantum computing experiments. In order to implement the scheme on a two-qubit system with J coupling on the order of 100 Hz, according to the requirement of the conservation condition of energy ␦t 0 ӷ 1 (here, ␦ is the detuning of the pulse frequency with respect to the resonant condition ␦ ϳ J), it is estimated that the duration time t 0 may be on the order of 0.1 s. This duration time is reasonable for typical decoherence times in NMR quantum computing experiments.
III. THE GHZ STATE OF THREE QUBITS
In this section we study how to generate the maximally entangled GHZ state ͉⌿ GHZ ͘ = ͉͑000͘ + e i ͉111͒͘ / ͱ 2 in a three-qubit NMR model by means of a single multifrequency pulse. The initial state is still assumed to be the ground state ͉000͘. In this case, we must use a rectangular circularly polarized transverse magnetic field pulse with three frequencies ⍀ 1 , ⍀ 2 , and ⍀ 3 . Then the evolution of the system with the three-qubit NMR model under the action of this magnetic pulse is described by the following Hamiltonian:
where The basis states ͕͉000͘ , ͉001͘ , ͉010͘ , ͉011͘ , ͉100͘ , ͉101͘ , ͉110͘ , ͉111͖͘ make up the Hilbert space of the Hamiltonian H 3 qubit . A sketch of the energy levels of the Hamiltonian H 3 qubit is shown in Fig. 5 . Figure 5 also shows a multiphonon transition scheme to produce the expected maximally entangled GHZ state ͉⌿ GHZ ͘. In this scheme, the frequency of the external magnetic field ⍀ 1 corresponds to the frequency of the transition ͉000͘ ↔ ͉100͘, ⍀ 2 to ͉100͘ ↔ ͉110͘, and ⍀ 3 to ͉110͘ ↔ ͉111͘, i.e., ⍀ 1 = 1 + J 12 /2+J 13 /2, ⍀ 2 = 2 − J 12 /2+J 23 / 2, and ⍀ 3 = 3 − J 23 /2−J 13 / 2. According to the conservation laws of energy and angular momentum, starting from an initial state ͉000͘, a pulse with three frequencies ⍀ 1 , ⍀ 2 , and ⍀ 3 induces a coherent evolution of only four basis states ͉000͘, ͉100͘, ͉110͘, and ͉111͘, and four other basis states remain unchanged. This is a necessary condition for our scheme. In Fig. 5 , the active states and inactive states are indicated by the black and open circles, respectively. Now the problem is reduced to one in a four-level subspace consisting of four active states. For convenience, we denote ͉000͘ → ͉0͘, ͉100͘ → ͉1͘, ͉110͘ → ͉2͘, and ͉111͘ → ͉3͘. Then the Hamiltonian (12) is truncated as follows: Likewise, the generalized rotating frame [42, 44] 
The eigenstates ͉ k ͘ and eigenvalues E k ͑k =1,2,3,4͒ of H rot
͑3͒
can also be found explicitly (see the Appendix). A propagator of the form U + ͑t͒e
−iH rot
͑3͒ t determines the phases and the moduli of c i ͑t͒ ͑i =0,1,2,3͒. Thus, with the initial condition c 0 ͑0͒ = 1 and c 1 ͑0͒ = c 2 ͑0͒ = c 3 ͑0͒ = 0, we have the time evolution of the system as follows: The first set of pulse parameters is that h 1 = h 3 , h 2 / h 1 =6/ ͱ 7, and the pulse duration time t 0 = / ͑4E 3 ͒. Then the phase in the GHZ state ͉⌿ GHZ ͘ = ͉͑000͘ + e i ͉111͒͘ / ͱ 2 is determined by = /2−͚ i=1 3 ͑⍀ i t 0 + ⌽ i ͒, where ⌽ i are the phases of the required three-frequency pulse. The second set of pulse parameters is that h 1 = h 3 , h 2 / h 1 =2/ ͱ 15, and the pulse duration time t 0 =3 / ͑4E 3 ͒. The phase in the GHZ state is =− /2−͚ i=1 3 ͑⍀ i t 0 + ⌽ i ͒. According to the two sets of parameters of the magnetic pulse, the generation processes of the GHZ state as a function of time are shown in Fig. 6 (for the first set of parameters) and Fig. 7 (for the second set of parameters), respectively, for the parameters 1 / ͑2͒ = 500 MHz, 2 / ͑2͒ = 250 MHz, 3 / ͑2͒ = 100 MHz, J 12 / ͑2͒ = 20 MHz, J 23 / ͑2͒ = 10 MHz, J 13 / ͑2͒ = 2 MHz, ⍀ 1 / ͑2͒ = 511 MHz, ⍀ 2 / ͑2͒ = 245 MHz, ⍀ 3 / ͑2͒ = 94 MHz, and h 1 / ͑2͒ = 0.1 MHz. From Figs. 6 and 7, a single-step operation is presented to produce the maximally entangled GHZ state of three qubits in the NMR model by using a three-frequency pulse with well-defined frequencies, phases, amplitudes, and duration time.
IV. GENERALIZATION TO GENERATE N-QUBIT ENTANGLED STATES
The single-step operation in Secs. II and III can be generalized to an N-qubit NMR model. The cat state for N qubits is defined by ͉⌿ cat ͘ = ͉͑00¯0͘ + e i ͉11¯1͒͘ / ͱ 2. Generally speaking, for an N-qubit NMR model, we use a rectangular circularly polarized transversal magnetic field pulse with N frequencies ⍀ 1 , ⍀ 2 , ..., and ⍀ N . The effective Hamiltonian is
We assume that 1 Ͼ 2 Ͼ¯Ͼ N and J ij Ӷ i − j . H N qubit has 2 N basis states and eigenenergies. N + 1 basis states are chosen as active states. The frequency ⍀ i corresponds to the resonant frequency of the transition from the ith active state to the ͑i +1͒th active state and all pulse frequencies ⍀ i ͑i =1,2, ... ,N͒ are required to be different. Moreover, according to the conservation laws of energy and angular momentum, all pulse frequencies ⍀ i are also required not to induce a change of the remaining 2 N − N − 1 inactive states. This is a necessary condition for our scheme. Thus, the system is reduced to an ͑N +1͒-level subspace consisting of N + 1 active states. For convenience, we again use decimal notation to denote the N + 1 active states, i.e., j 00 is denoted by j 0i and j 11 by j Ni , etc. Then the Hamiltonian (20) is truncated approximately as
e i͑⍀ n t+⌽ n ͒ ͉n − 1͗͘n͉ + H.c.ͪ .
͑23͒
The evolution of the quantum state ͉⌿͑t͒͘ under the Hamiltonian H ͑N͒ (23) can be expressed as
Likewise, the generalized rotating frame [42, 44] is applied to eliminate the time dependence of H ͑N͒ by means of a unitary transformation
such that an equivalent Hamiltonian H rot ͑N͒ is obtained,
.. ,͑N +1͒ with the eigenvalues 1 , 2 , ... , N+1 .
Propagators of the form U + ͑t͒e
−iH rot
͑N͒ t determine the phases and the moduli of c n ͑t͒, from the initial state ͉⌿͑0͒͘ = ͉00¯0͘, and
The expected cat states ͉⌿ cat ͘ require that the basis states ͉00¯0͘ (i.e., ͉0͘ in decimal notation) and ͉11¯1͘ (i.e., ͉N͘) are simultaneously populated with equal amplitudes, i.e., ͉c 0 ͑t 0 ͉͒ 2 = ͉c N ͑t 0 ͉͒ 2 =1/2 and the remaining ͉c n ͑t 0 ͉͒ 2 = 0. Now, our task becomes to solve N nonlinear equations to determine the pulse parameters. For larger N, it is not easy to give analytic solutions of c n ͑t͒, so numerical calculations will be invoked. According to our calculations, we find two rules (but not mathematically proved) for calculating the magnetic pulse parameters to reach the cat states for the cases of even qubits and odd qubits, respectively.
(i) For even qubits, H rot ͑N͒ has N + 1 eigenvalues denoted by 0,
There are two schemes of pulse parameter sets that can reach the cat state. The first one is that
and the duration time of the pulse t 0 = / ͉E 1 ͉. In this case, the phase in the cat state
The second set is Fig. 8 . Thus, the duration time t 0 is approximately proportional to ͱ N. In the introduction, we mentioned that the entangled state ͉͑00¯0͘ + ͉11¯1͒͘ / ͱ 2 (the cat state) can be prepared using a Hadamard gate followed by N − 1 controlled-NOT gates, that is, using a special sequence of magnetic pulses. As a simplified description, we assume that the operation time of a Hadamard gate is t H and the time of each controlled-NOT gate is t C . Then the total operation time t 0 for generating the cat state of the N-qubit NMR model by means of this special sequence of magnetic pulses is t 0 = t H + Nt C , which is approximately proportional to N. According to the single-spin transition scheme for operating the controlled-NOT gate in Refs. [38] [39] [40] , t C = / ⍀ and t H = / ͑2⍀͒ (⍀ is the Rabi frequency). For comparison, we assume ⍀ / ͑2͒ = 0.1 MHz. Figure 8 also shows the relation of ln t 0 and ln N (indicated by black circles) needed to generate the cat states using a Hadamard gate followed by ͑N −1͒ controlled-NOT gates in the N-qubit NMR model.
V. CONCLUSION
In conclusion, we described how to design a single pulse of multifrequency coherent magnetic radiation to produce maximally entangled states in the multiqubit NMR model. Unlike the previous schemes using a special sequence of magnetic pulses, our proposal is a single-step operation. In our scheme, for an N-qubit NMR system, a pulse with N nonequal frequencies is applied to manipulate simultaneously N active states. Moreover, all the pulse frequencies ⍀ i are also required not to induce evolution of the remaining 2 N − N − 1 inactive states. This is a necessary condition for our scheme. We obtain the magnetic pulse parameters, such as frequencies, phases, amplitudes, and duration time, necessary to implement Bell states of two qubits and GHZ states of three qubits. Generally, we find two rules for calculating the magnetic pulse parameters to reach the entangled states for even and odd qubits, respectively. We have checked the rules in several cases for 4 ഛ N ഛ 10 and all exactly tally with the rules. We fit the relation of ln t 0 and ln N, and find the duration time t 0 ϳ ͱ N. In our method, a 2 N -dimensional space is reduced to an ͑N +1͒-level subspace if the necessary condition is satisfied.
Theoretically, the present scheme can be extended to larger N-qubit NMR models. In practice the scheme requires the application of line selective pulses. This is easily achievable for small molecules containing several qubits, but may be difficult for larger molecules since the required J couplings become quite small for spins that are separated by several bonds. Therefore, this scheme may be practical only for a small number of qubits. On the other hand, this scheme may find useful applications in multilevel systems. For example, the Hamiltonians of Eqs. (8) and (18) can be easily implemented in multilevel systems (e.g., systems with smaller spin number S, say S =1 and 3/2). Higher-order spin systems have limitations in quantum computing as well, but many other quantum computer systems rely on employing, at least temporarily, other energy levels. For example, ion trap quantum computers regularly employ other transitions to temporarily move the quantum state out of the qubit manifold. In another example using coupled Josephson junctions, higher-lying energy levels could be used to implement twoqubit gates. Our scheme may find the most applications in such schemes, which lie outside spin-1 / 2 NMR quantum computing. Meanwhile, it should be noted that off-resonance pulses induce z rotations even far beyond the excitation window of the pulse [46] . These z rotations are the results of transient Bloch-Siegert shifts [46] [47] [48] . The shifts have unfavorable effects on this proposed scheme, especially for the case of nearby frequencies, because the quantum state during the pulse itself is rather complicated and most definitely not a computational basis state. Fortunately, Steffen et al. found that the resulting error from transient Bloch-Siegert shifts can be corrected by shifting the frequency of the onresonance pulse in such a way that it tracks the shift of the spin frequency [49] . Briefly, although in practice this proposed scheme is subject to the choice of the system, its advantage may be to provide a possible scheme for designing the shortest sequence of pulses corresponding to a quantum computation task. 
